
 
Session 2 

 
Introduction to Principal Components Analysis 

 
 
 page 
Introduction to Principal Components 2-1 
Terminology 2-2 
Example 1:  A simple case – two observed variables 2-3 
Principal Components in SPSS – matrix data 2-5 
Example 2:  A simple two-factor example 2-8 
Exercise 2 2-15 
 
 



 2-1

Session 2:  Introduction to Principal Components Analysis 
 
The "principal components" of the observed variability of several variables can 
be related to the "factors" of the previous section but can differ in important 
ways. 
 
First, and historically, factor analysis – as in the simple Spearman-style 
example – is concerned only with the common variance of a set of variables. 
 
Again historically, principal components analysis deals with all the variability 
in a set of variables.  Secondly, principal components employs principles and 
associated computational procedures that are widely applied in multivariate 
statistics. 
 
 
Consider the scattergram of points for 
standardised scores X1 and X2 drawn 
alongside.  An ellipse has been drawn to 
show the general tendency of the points 
to display a marked positive correlation.  
There are, of course, some points outside 
the ellipse and a high density of points on 
the main diagonal. 
 
Two units of variability are to be 
accounted for – the variability of X1 and 
the variability of X2. 
 
The major direction of variability is neither along the X1 axis nor the X2 axis 
but somewhere in between – along the major or longest axis of the ellipse. 
 
This axis is marked "PC1" for the first principal component of the variability of 
X1 and X2.  In the absence of any criterion measure, PC1 describes the major 
variability of X1 and X2 considered jointly. 
 
PC2 is the line that runs through the minor axis of the ellipse of points.  It is at 
right angles to PC1 and effectively describes all the remaining variability in X1 
and X2 in this simple case.  PC1 and PC2 provide new axes for the 
description of X1 and X2. 
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We can see that X1 can be thought of as being made up of two common 
factors PC1 and PC2, with unknown factor loadings which are to be 
estimated.  Similarly, X2  can also be defined in terms of the two common 
factors. 
 

Xi  =  ai1 PC1  + ai2 PC2     i=1,2 
 
The values of the latent variables can be obtained from X1 and X2 from the 
following expression: 
 

21111 21
XwXwPC XX +=  

22122 21
XwXwPC XX +=  

 
where the coefficient w 1X 1  indicates the (regression) factor score which is to 
be applied to X1 on the way to obtaining the value of PC1.  NOTE THAT 
FACTOR SCORES ARE DIFFERENT FROM FACTOR LOADINGS! 
 
 
Terminology 
 
The terminology of factor analysis and principal components analysis is quite 
awful for historical reasons.  The following rough guide may help.  Alternative 
terminologies are listed in the columns. 
 
"Factors" "Roots" "Values" 

Factors Factor variances  Factor loadings 

Latent vector Latent roots Component weights 

Characteristic vector Characteristic roots Values in characteristic 
vector 

Eigenvector Eigenroots Eigenvalue 

 
The outcomes of a principal components analysis are often referred to by the 
expression "latent roots and vectors", or, "eigenvalues and eigenvectors"; or 
again, as "characteristic roots and vectors".  Incidentally, the term "roots" 
comes from the mathematics of solving a set of equations; as when, in school 
algebra, the equation 3x2+8x-3=0 is said to have two roots, i.e. solutions, 
values of x.  "Vector" refers to the set of coefficients – factor loadings – 
associated with a "root". 
 
The last three rows are all different terminologies for "Principal components 
analysis", an analysis which seeks to find those linearly weighted 
combinations of the observed variables which maximise – at each stage of the 
analysis – the proportion of the total variation. 
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Example 1:  A simple case – two observed variables 
 
The purpose of the following demonstration is to illustrate the relationships 
between the observed variables and the principal components of their 
variability. 
 
Two tests VERBAL and QUANT(itative) have a correlation of 0.54662.  
 
The principal component solution is: 
 
Factor Loadings: 
 1 2 (Principal components 1 and 2) 
VERBAL 0.87938  0.47612  
QUANT 0.87938 -0.47612  
 
Factors or Components 1 2  
Variance explained by components   1.55   0.45 [Total = 2 variables] 
Percent of total variance explained 77.33 22.67 [Total = 100%] 
 
Factor Score Coefficient Matrix: 
  Component 1 2  
    VERBAL 0.569  1.050  
    QUANT 0.569 -1.050  
 
What does this output mean? 
 
We can write down the relationship between the observed variables and the 
principal components: 
 
 VERBAL= 0.87938 PC1 + 0.47612 PC2 
 QUANT  = 0.87938 PC1 – 0.47612 PC2 using the factor loadings 
 
And get an estimate of the principal components using the factor scores: 
 
 PC1 =  0.569 VERBAL + 0.569 QUANT 
 PC2 = -1.05 VERBAL +1.05 QUANT 
 
A number of relationships can be observed: 
 
Var (VERBAL) =  Var (0.87938 PC1) + Var (0.47612 PC2) 
 
   =  0.879382 Var (PC1) +0.476122 Var (PC2) 
 
   = 0.879382  + 0.476122 = 1 
 
Similarly, Var (QUANT) =   0.879382  + (-0.47612)2 = 1 
 



 2-4

The sum of the variances of the observed variables is 2 (two variables, one 
unit of variation each).  Out of this, the variance explained by the first principal 
component is 
 
 0.879382 + 0.879382  = 1.54662  (Latent root or eigenvalue 1) 
 
The variance explained by the second principal component is 
 
 0.476122 + 0.476122  = 0.45338  (Latent root or eigenvalue 2) 
 
So, the variance explained by the sum of the first two principal components is 
the sum of the first two latent roots = 1.54662 + 0.45338 = 2 
 
Also,   1.54662/2 expressed as a percentage is 77.33%  
  0.45338/2 expressed as a percentage is 22.67% 
 
When we ‘extract’ the same number of principal components as there are 
observed variables, all of the variation is explained. 
 
The original correlation between V and Q is estimated by: 

 

0.54662 = 
0.47612)(0.47612 + 0.879380.87938 = 

rr + rr = r 2Q2V1Q1VQV,

−××  

Here, the subscripts 1 and 2 refer to PC1 and PC2 respectively. 
 
How can the factor scores be estimated? 
 

VERBAL= 0.87938 PC1 + 0.47612 PC2 
QUANT  = 0.87938 PC1 – 0.47612 PC2 

 
Simultaneous equations: 
 
VERBAL+QUANT = 1.756876 PC1 VERBAL-QUANT = 0.95224 PC2 
 
PC1 = 0.569 (VERBAL+QUANT)  PC2 =1.05 (VERBAL-QUANT) 
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Principal Components in SPSS – matrix data 
 
When analysing raw data, a principal components analysis in SPSS can be 
performed using the pull-down menus and dialogue boxes.  However, it is not 
uncommon to have a covariance or correlation matrix as the basis of the 
analysis, rather than the usual case and variable spreadsheet.  In this 
situation, the data must be read in AND the principal components analysis 
performed using the SPSS syntax window. 
 
Example 1 from above:  The following SPSS commands for reading in ‘matrix 
data’ can be found in the file factor1.sps. 
 
MATRIX DATA  VARIABLES=VERBAL QUANT 
 /contents=corr 
 /N=100. 
BEGIN DATA. 
1 
0.54662 1 
END DATA. 
 
It is important that the variables to be defined, the type of contents of the data 
matrix and the number of cases are declared before the data is entered in 
between the two statements ‘begin data’ and ‘end data’.  As this is a 
correlation matrix, we can enter it in lower triangular form rather than 
repeating ourselves in the upper (symmetric) part. 
 
Selecting these commands and running the syntax causes the correlation 
matrix to appear in the data window in the following way: 
 

 
 
The correlation matrix is in rows 2 and 3, and columns 3 and 4 of the 
spreadsheet – the remaining cells contain the information SPSS needs to 
correctly use this data.  However, we cannot use the pull-down menus to 
analyse this. 
 
To perform a simple principal components analysis on this data, we use the 
following ‘Factor’ command in SPSS (also found in the file factor1.sps). 
 
FACTOR MATRIX=IN(COR=*) 
  /PRINT= EXTRACTION FSCORE  
  /CRITERIA=FACTORS(2) 
  /EXTRACTION=PC 
  /ROTATION=NOROTATE. 
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On the first line, we declare that the data we wish to analyse is ‘matrix data’ 
(rather than the usual raw data), and that the ‘input data’ is a correlation 
matrix which is already in the data window (denoted by * instead of a file 
name). 
 
Using ‘Print’ we can request particular output – we want to see the component 
matrix for the ‘extracted’ components, and also the factor scores. 
 
The extraction criteria defaults to eigenvalues above 1 (more on this later) – 
here we want 2 factors or components. 
 
The ‘Factor’ command encompasses several types of extraction procedure, 
and while the default is principal components, it is declared explicitly here. 
 
The final line prevents the solution from being rotated at this stage – more on 
rotation later. 
 
 
Running this syntax in SPSS produces the following output: 
 
The factor loadings are found in the component matrix 

Component Matrixa

.879 -.476

.879 .476
VERBAL
QUANT

1 2
Component

Extraction Method: Principal Component Analysis.
2 components extracted.a. 

 
 
Since we are extracting 2 factors and have only 2 variables, each variable’s 
communality, (or proportion of the variable’s variance which can be explained 
by all the extracted factors) is 1. 

Communalities

1.000
1.000

VERBAL
QUANT

Extraction

Extraction Method: Principal Component Analysis.
 

 
The variance explained by the individual components (the eigenvalues) and 
the percentage of the total variance this represents (the total is the same as 
the number of variables) is shown in the first two columns below (refer back to 
the beginning of this example to see the relationship between these figures 
and the factor loadings in the first table).  When the number of components is 
the same as the number of variables, the cumulative percentage of variance 
explained will be 100%. 
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Total Variance Explained

1.547 77.331 77.331
.453 22.669 100.000

Component
1
2

Total % of Variance Cumulative %
Extraction Sums of Squared Loadings

Extraction Method: Principal Component Analysis.
 

 
Finally, the component scores are displayed – we use these to express the 
principal components in terms of the variables (factor loadings are used to 
express the variables in terms of the principal components). 

Component Score Coefficient Matrix

.569 -1.050

.569 1.050
VERBAL
QUANT

1 2
Component

Extraction Method: Principal Component Analysis.
 

 
Component Score Covariance Matrix

1.000 .000
.000 1.000

Component
1
2

1 2

Extraction Method: Principal Component Analysis.
 

 
 
Why use Principal Components? 
 
It is trivial to replace two variables by their two principal components of 
variability.  There does not seem to be any point in changing two observed 
variables into two other variables which are simple linear combinations of the 
original variables.  But there are two reasons why we might need to do this: 
 
(1) Normally, there will be more than two variables to deal with and the 

hope would be that we would find it satisfactory to use principal 
components of variability which are fewer in number than the number 
of observed variables under consideration yet account for a major part 
of their variances. 

 
(2) Principal components have a general usage in making best use of the 

observed variability in multivariate situations.  We can find principal 
components analysis behind the scenes in MANOVA (multivariate 
analysis of variance) and in various other analyses. 
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Example 2:  A simple two-factor example 
 
A set of 100 students completed four tests.  Two tests measured verbal ability 
(VERB1 and VERB2) and two tests measured visual-spatial ability (SPAT1 
and SPAT2).  The resulting correlation matrix is given below. 
 

 VERB1 VERB2 SPAT1 SPAT2 
VERB1 1.00 0.76 0.47 0.50 
VERB2 0.76 1.00 0.47 0.50 
SPAT1 0.47 0.47 1.00 0.79 
SPAT2 0.50 0.50 0.79 1.00 

 
This correlation matrix can be read into SPSS using the following syntax 
(found in factor2.sps). 
 
MATRIX DATA  VARIABLES=VERB1 VERB2 SPAT1 SPAT2 
 /contents=corr 
 /N=100. 
BEGIN DATA. 
1 
0.76 1 
0.47 0.47 1 
0.5 0.5 0.79 1 
END DATA. 
 
As before, we must use SPSS syntax to perform a principal components 
analysis, as we have ‘matrix data’ rather than raw data.  We set the extraction 
criteria to extract 4 components – the same as the number of variables.  We 
will also request the initial solution information as well as that for the extracted 
solution – in fact, since we are deliberately setting the extraction criteria to 
extract the maximum number of components, the initial and extracted 
solutions will be the same. 
 
FACTOR MATRIX=IN(COR=*) 
  /PRINT= INITIAL EXTRACTION REPR FSCORE  
  /CRITERIA=FACTORS(4) 
  /EXTRACTION=PC 
  /ROTATION=NOROTATE. 
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Recall that when the number of components is equal to the number of 
variables, the communalities are all 1: 
 

Communalities

1.000 1.000
1.000 1.000
1.000 1.000
1.000 1.000

VERB1
VERB2
SPAT1
SPAT2

Initial Extraction

Extraction Method: Principal Component Analysis.
 

 
 
The ‘Total Variance Explained’ table produces figures for both the initial and 
the extracted solutions (which, in this case, are identical). 

Total Variance Explained

2.745 68.632 68.632 2.745 68.632 68.632
.806 20.141 88.774 .806 20.141 88.774
.240 6.000 94.774 .240 6.000 94.774
.209 5.226 100.000 .209 5.226 100.000

Component
1
2
3
4

Total % of Variance Cumulative % Total % of Variance Cumulative %
Initial Eigenvalues Extraction Sums of Squared Loadings

Extraction Method: Principal Component Analysis.
 

 
There is a very large first principal component, explaining over 68% of the 
total variation in the data.  The second principal component explains another 
20%, with the remaining 2 components explaining less than 12% between 
them. 
 

Component Matrixa

.822 .452 .346 1.014E-02

.822 .452 -.346 1.014E-02

.825 -.468 -2.56E-17 .317

.844 -.422 .000 -.329

VERB1
VERB2
SPAT1
SPAT2

1 2 3 4
Component

Extraction Method: Principal Component Analysis.
4 components extracted.a. 

 
 
The first PC loads high on all variables; it can be thought of as a measure of 
general ability.  The second PC loads positively on VERB1 and VERB2, but 
negatively on SPAT1 and SPAT2; it contrasts verbal ability with spatial ability. 
 



 2-10

In the ‘Print’ statement, we requested ‘REPR’, which is the ‘reproduced 
correlation matrix’ – that is, the correlation matrix recreated from the extracted 
factors. 

Reproduced Correlations

1.000b .760 .470 .500
.760 1.000b .470 .500
.470 .470 1.000b .790
.500 .500 .790 1.000b

8.882E-16 9.437E-16 .000
8.882E-16 8.327E-16 -1.11E-16
9.437E-16 8.327E-16 1.110E-16

.000 -1.11E-16 1.110E-16

VERB1
VERB2
SPAT1
SPAT2
VERB1
VERB2
SPAT1
SPAT2

Reproduced Correlation

Residuala

VERB1 VERB2 SPAT1 SPAT2

Extraction Method: Principal Component Analysis.

Residuals are computed between observed and reproduced correlations. There
are 0 (.0%) nonredundant residuals with absolute values greater than 0.05.

a. 

Reproduced communalitiesb. 
 

 
With four principal components extracted for four variables, the correlation 
matrix (the upper part of the table) is reproduced exactly.  The lower part of 
the table shows the residuals, or the discrepancy between the actual and 
reproduced matrices.  The values here are negligible (non-zero only because 
of rounding errors). 
 
When less than the maximum number of factors are extracted, the residuals 
will be larger than shown above as there will be discrepancies between the 
reproduced correlation matrix and the original.  However, these residuals will 
be small if the extracted factors are sufficient to explain a large proportion of 
the variation in the data. 
 
Finally, the factor scores are displayed: 

Component Score Coefficient Matrix

.299 .561 1.443 .049

.299 .561 -1.443 .049

.301 -.581 .000 1.516

.308 -.524 .000 -1.575

VERB1
VERB2
SPAT1
SPAT2

1 2 3 4
Component

Extraction Method: Principal Component Analysis.
 

 
Using these scores, we can define the principal components as: 
 
PC1 = 0.299 VERB1 + 0.299 VERB2 + 0.301 SPAT1 + 0.308 SPAT2 
PC2 = 0.561 VERB1 + 0.561 VERB2 - 0.581 SPAT1 - 0.524 SPAT2 
Etc 
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Four principal components provide no simplification to the data.  A major use 
of principal components analysis is to simplify data by retaining the first two or 
three principal components in an analysis.  How many components do we 
retain? 
 
 
There are a number of possible answers: 
 
1. Rule of thumb.  Keep principal components with latent roots or 

eigenvalues above 1.0. 
 
2. Scree plot.  Plot the latent roots against the principal component number.  

The idea is that after the steep portion of the slope ends, the extraction of 
principal components should stop. 

 
 
The first of these can be found in the ‘Total Variance Explained’ table for the 
initial solution.  For the scree plot, we use ‘Plot = eigen’ in the ‘Factor’ 
command.  The following syntax will produce just the information for the initial 
solution, where as many components as there are variables are considered, 
and display the scree plot: 
 
FACTOR MATRIX=IN(COR=*) 
  /PRINT= INITIAL 
  /PLOT=EIGEN 
  /EXTRACTION=PC 
  /ROTATION=NOROTATE. 
 
 

Total Variance Explained

2.745 68.632 68.632
.806 20.141 88.774
.240 6.000 94.774
.209 5.226 100.000

Component
1
2
3
4

Total % of Variance Cumulative %
Initial Eigenvalues

Extraction Method: Principal Component Analysis.
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The rule of thumb tells us to extract 1 component (only one of the eigenvalues 
is above 1).  The scree plot indicates that 2 components are needed (the 
slope is much flatter from component 3 onwards).  What do we do? 
 
The third rule then comes into play: 
 
3. Use your psychological, sociological, biological, etc. judgement.  If the 

latent root of a component is just below one, and the component looks 
interesting and interpretable, then keep it and investigate. 

 
 
We therefore keep two components.  What effect does reducing the number 
of components to two have? 
 
In SPSS syntax: 
 
FACTOR MATRIX=IN(COR=*) 
  /PRINT= INITIAL EXTRACTION FSCORE 
  /CRITERIA=FACTORS(2) 
  /EXTRACTION=PC 
  /ROTATION=NOROTATE. 
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The output: 
 

Communalities

1.000 .880
1.000 .880
1.000 .900
1.000 .892

VERB1
VERB2
SPAT1
SPAT2

Initial Extraction

Extraction Method: Principal Component Analysis.
 

 
 

Total Variance Explained

2.745 68.632 68.632 2.745 68.632 68.632
.806 20.141 88.774 .806 20.141 88.774
.240 6.000 94.774
.209 5.226 100.000

Component
1
2
3
4

Total % of Variance Cumulative % Total % of Variance Cumulative %
Initial Eigenvalues Extraction Sums of Squared Loadings

Extraction Method: Principal Component Analysis.
 

 
 

Component Matrixa

.822 .452

.822 .452

.825 -.468

.844 -.422

VERB1
VERB2
SPAT1
SPAT2

1 2
Component

Extraction Method: Principal Component Analysis.
2 components extracted.a. 

 
 
 

Component Score Coefficient Matrix

.299 .561

.299 .561

.301 -.581

.308 -.524

VERB1
VERB2
SPAT1
SPAT2

1 2
Component

Extraction Method: Principal Component Analysis.
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Most of the tables remain the same as before – only the number of 
components has been reduced, not the values of the factor loadings, the 
eigenvalues, the percentage of variance explained by each component, or the 
factor scores.  However, since we have reduced the number of components 
from the maximum, the proportion of each variable’s variance which is being 
explained by all the extracted components (the communality) is below 1. 
 
If we think of the components as factors, we now have something similar to a 
factor analysis model: 
 
 VERB1 = 0.822 PC1 + 0.452 PC2 + ε1 
 VERB2 = 0.822 PC1 + 0.452 PC2 + ε2 
 SPAT1 = 0.825 PC1 - 0.468 PC2 + ε3 
 SPAT2 = 0.844 PC1 - 0.422 PC2 + ε4 
 
However, philosophically, the techniques are different.  Principal components 
produces a complete geometrical transformation of the variables, then throws 
away those components which are deemed to explain too small a proportion 
of the total variance.  Factor analysis starts from the concept of a set of 
common factors and estimates the weights though an iterative process. 
 
With two or three components, we can plot the factor loadings for each 
variable as a 2-D or 3-D graph.  In SPSS syntax, this loading plot is called a 
‘rotation’ plot – the rotated factor loadings (if any) will be plotted.  When we 
request the unrotated solution (‘rotation=norotate’), these unrotated factor 
loadings are used (more on rotated solutions next). 
 
FACTOR MATRIX=IN(COR=*) 
  /PRINT= INITIAL EXTRACTION  
  /CRITERIA=FACTORS(2) 
  /PLOT=ROTATION 
  /EXTRACTION=PC 
  /ROTATION=NOROTATE. 
 
 
We see that the two verbal variables and the two spatial variables appear at 
the same point on the axis for the first principal component.  The second 
principal component separates out the two verbal variables from the two 
spatial variables. 
 
(Note:  if 3 components are extracted, a 3-D plot – which can be spun by the 
user to obtain the best view using the chart editor – will automatically be 
produced.  If more than 3 components are extracted, the first 3 will be used to 
produce the 3-D plot by default, but others can be chosen in the chart editor – 
use the ‘Displayed’ item on the ‘Series’ menu.) 
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Exercise 2 
 
Holzinger and Swineford (1939) administered 26 psychological tests to 301 7th 
and 8th Grade students in 2 Chicago schools.  We have the data for 145 
males and females from a single school for 6 of the tests: 
 

Test Description 
Visperc Visual perception score 
Cubes Test of spatial visualisation 
Lozenges Test of spatial orientation 
Paragrap Paragraph comprehension score 
Sentence Sentence completion score 
Wordmean Word meaning test score 

 
The lower triangle of the correlation matrix for these 6 variables is: 
 
 Visperc Cubes Lozenges Paragrap Sentence Wordmean
Visperc 1.000      
Cubes 0.326 1.000     
Lozenges 0.449 0.417 1.000    
Paragrap 0.342 0.228 0.328 1.000   
Sentence 0.309 0.159 0.287 0.719 1.000  
Wordmean 0.317 0.195 0.347 0.714 0.685 1.000 
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Write an SPSS syntax file to read this correlation matrix for the 145 individuals 
into the SPSS data window. 
 
Using SPSS syntax commands, perform Principal Components analyses on 
this correlation matrix for the following tasks: 
 

Obtain the initial solution only (omit the ‘criteria’ sub-command) and a 
scree plot.  Use these to determine how many PCs should be extracted. 
 
Extract your chosen number of PCs, and obtain the extraction solution, a 
loading plot and factor scores. 
 

a)  Using the loading matrix, try to give names or descriptions to the 
extracted PCs by observing which variables have high loadings or 
where there are contrasts. 
 
b)  Look at the loading plot – are there groupings of variables?  Try to 
explain the positions of the variables along the axes in terms of the 
PC names or descriptions. 
 
c)  For each of the observed variables, how much of the variation is 
explained by the extracted PCs?  (State the lowest and highest 
amounts and which variables these are associated with.) 
 
d)  Using the factor scores, write the equation for PC1 in terms of the 
observed variables. 

 
Extract just one PC and obtain the extraction solution.  Why might this 
PC be thought of as a measure of general spatial and verbal ability?  
Which of the observed variables have the highest correlation with this 
general ability?  Do these variables also have the highest amount of 
variation explained by the single PC?  Why is this? 
 
Extract 6 PCs and obtain a loading plot (this will be 3D).  Double click on 
the plot to enter the chart editor.  Experiment with spinning the chart 
(choose the ‘3D rotation’ or ‘Spin mode’ options on the ‘Format’ menu).  
Choose different PCs from the 6 available to display using the 
‘Displayed’ option on the ‘Series’ menu.  Closing the chart editor will 
place the latest view of the chart back in the output window. 

 


